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1 Introduction 

Hawking radiation is an important quantum effect in black hole physics. It arises for 
quantum fields in a background spacetime with an event horizon. Apart from Hawking's 
original derivation [TJ [2] , which calculates the Bogoliubov coefficients between in and out 
states for a body collapsing to form a black hole, there are also other approaches [3], [I]. 
One of the most interesting proposals was put forward many years ago by Christensen and 
Fulling pj], who showed that Hawking radiation can be derived from the trace anomaly in 
the energy-momentum tensor of quantum fields in a Schwarzschild black hole background. 

The idea of Christensen and Fulling [5] was to relate an anomaly in conformal symmetry 
with the energy-momentum tensors of quantum fields in a black hole background. This 
relation manifests itself as a contribution of the anomaly to the trace T° of the energy- 
momentum tensor in a theory where it vanishes classically. Requiring finiteness of the 
energy-momentum tensor of massless fields as seen by a freely falling observer at the hori- 
zon in (l+l)-dimensional Schwarzschild background metric and using the anomalous trace 
equation everywhere, one finds an outgoing flux which is in quantitative agreement with 
Hawking's result. 

The validity of this result is subjected to some limitations. The method has been 
applied to conformal field theories in (1+1) dimensions. Also, the assumption in [5] of 
massless scalar fields was essential to relate fluxes at the horizon to Hawking radiation. 
The requirement of massless scalar fields was addressed later in [6|. It was considered a 
massive tachyon field in the background of a dilatonic (l + l)-dimensional black hole [7j. It 
was found that the contribution of the tachyon field to the Hawking radiation is due to its 
coupling to the dilaton field, and the Hawking rate due to the tachyon field is enhanced 
comparable to conformal matter. 

Quite recently, Robinson and Wilczek [5] followed by Iso, Umetsu and Wilczek [5] pro- 
posed a new method to calculate the Hawking radiation. Their basic idea is to identify 
outgoing modes of some matter distribution near the horizon as right moving modes while 
ingoing modes as left moving modes, in the Unruh vacuum [TO]. Then, because all the 
ingoing modes can not classically affect physics outside the horizon, integrating the other 
modes they obtain an effective chiral action in the exterior region which is anomalous under 
gauge and general coordinate transformations. However, the underlying theory is invariant 
under these symmetries and these anomalies must be cancelled by quantum effects of the 
classically irrelevant ingoing modes. They have proved that the condition for anomaly can- 
cellation at the horizon determines the Hawking flux of the charge and energy-momentum. 
The flux is universally determined only by the value of anomalies at the horizon. 

The crucial point in the Robinson- Wilczek method and its generalization to include 
charge, is to reduce an initially high-dimensional theory to two dimensions, in the vicinity 
of the horizon, which is a necessary step in order to be able to identify the chiral modes. This 
is achieved by considering a matter source, just outside the horizon of a static spherically 
symmetric black hole, parametrized by a scalar field minimally coupled to this background. 
Performing a partial wave decomposition of the scalar field in terms of the wavefunctions 
of the classical wave equation, they find that the effective radial potentials for partial wave 
modes of the scalar field vanish exponentially fast near the horizon. Thus, physics near 
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the horizon can be described using an infinite collection of massless (l+l)-dimensional 
scalar fields, each propagating in a (l+l)-dimensional spacetime with a metric given by 
the (t, r) section of the original high-dimensional metric, where t and r are the time and 
radial coordinate respectively. 

The method was further extended to include rotations (TTJ [T2]. It was shown that the 
reduction procedure goes through and observing that an angular isometry generates an 
effective U(l) gauge field in the (l+l)-dimensional theory, with the azimuthal quantum 
number m serving as the charge of each partial wave, the known results were obtained with 
angular momentum acting like a chemical potential for the effective charge. 

In this work we will study the Hawking effect via the gravitational anomalies method in 
a gravitational background of constant negative curvature. At first, we will carry out the 
dimensional reduction procedure of an action given by a scalar field minimally coupled to 
gravity in the background of a (3+l)-dimensional topological black hole (TBH), in order 
to show that near the horizon the theory is reduced to an effective theory of an infinite 
collection of (l+l)-dimensional scalar fields in a (l+l)-dimensional background. Identifying 
the chiral modes we will finally show that the flux necessary to cancel the gravitational 
anomalies is identified with the Hawking flux. 

We will also apply the method to a topological black hole coupled to a scalar field. 
Providing that asymptotically the space is AdS, these black hole solutions are stable, they 
satisfy the Breitenlohner-Freedman bound [13] and the scalar field is regular at the hori- 
zon [Hj. In this context, we will discuss the applicability of the method in the case of a 
scalar field backreacting on the gravitational background. As a first step we will consider 
the case where the scalar field, which generates the Hawking flux, is non-minimally coupled 
to gravity. 

The paper is organized as follows. In section 2 we review the basic properties of TBHs 
and we perform a mode analysis of a scalar field in the background of a TBH. In section 
3 we describe the reduction procedure to two dimensions for a TBH of genus g = 2. In 
section 4 we derive the Hawking radiation of a TBH of genus g = 2 and in section 5 we carry 
out the same calculation for a TBH coupled to a scalar field. In section 6 we investigate 
whether a scalar field non-minimally coupled to a black hole background has any effect on 
the Robinson- Wilczek method. Finally, we summarize in the last section. 



2 Mode Analysis of the Wave Equation of a Scalar Field in the 
Background of a TBH 

We consider the bulk action 

in asymptotically AdS^ where G is the Newton's constant, R is the Ricci scalar and / 
is the AdS radius. The presence of a negative cosmological constant (A = — ( d ~ 1 K 2 d ~ 2 ) ) 
allows the existence of black holes with topology M 2 x S, where E is a (d — 2)-dimensional 
manifold of constant negative curvature. These black holes are known as topological black 
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(d-l)(d-2) 
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(2.1) 
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holes [TJ)J HSj- The simplest solution of this kind in four dimensions reads 

ds 2 = -f(r)dt 2 + -j^-dr 2 + r 2 da 2 , f(r) = r 2 - 1 - ^ , (2.2) 
f{r) r 

where we employed units in which the AdS radius is I = 1, \i is a constant which is 
proportional to the mass and is bounded from below ji > — and da 2 is the line element 
of the two-dimensional manifold E, which is locally isomorphic to the hyperbolic manifold 
H 2 and of the form 

Y, = H 2 /T , rc 0(2,1), (2.3) 

where T is a freely acting discrete subgroup (i.e. without fixed points) of isometries. The 
line element da 2 of £ is 

da 2 = d6 2 + sinh 2 9dcp 2 , (2.4) 

with 9 > and < ip < 2ir being the coordinates of the hyperbolic space H 2 or pseu- 
dosphere, which is a non-compact two-dimensional space of constant negative curvature. 
This space becomes a compact space of constant negative curvature with genus g > 2 by 
identifying, according to the connection rules of the discrete subgroup T, the opposite edges 
of a 4g-sided polygon whose sides are geodesies and is centered at the origin 9 = <p = of 
the pseudosphere EEl Ej • An octagon is the simplest such polygon, yielding a compact 
surface of genus g = 2 under these identifications. Thus, the two-dimensional manifold E 
is a compact Riemann 2-surface of genus g > 2. Further details on this kind of compactifi- 
cation scheme can be found in [T71[T8]. The configuration (12.2ft is an asymptotically locally 
AdS spacetime. The horizon structure of ( 12. 2ft is determined by the roots of the metric 
function f(r) that is 

f( r )=r 2 - 1-^ = 0. (2.5) 
r 

For < /i < 0, this equation has two distinct non-degenerate solutions, corresponding 

to an inner and an outer horizon r_ and r + respectively. For fi > 0, f(r) has just one 
non-degenerate root and so the black hole (12.21) has one horizon r^. The horizons for both 
cases of /i have the non-trivial topology of the manifold E. We note that for fi = — 
f(r) has a degenerate root, but this horizon does not have an interpretation as black hole 
horizon |15j . 

We will examine the eigenmodes of the classical wave equation of a scalar field $ of 
mass m<j>, in the background of the topological black hole (12.21) and perform a partial wave 
decomposition of the wavefunctions. The classical wave equation in the background of 
(12. 2ft . without any identifications of the pseudosphere (i.e. H 2 ), is 

V 2 $ = m|$ , (2.6) 

where V 2 is the Laplace-Beltrami operator defined by 

1 



-9 
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and hence the wave equation is 



We factorize out the angular and radial dependence of the field as 

$(t,r,^)^Y(^) . 



(2.8) 



(2.9) 



With this factorization and using separation of variables we get two differential equations. 
The angular wave equation is 



sinh 9 

while the radial wave equation is 



dg ( sinh Odo) 



sinh 9 



d 2 



Y(e,(p) = \Y(e,(p) 



d 2 R(t,r)-f 



d r f 



(d r f)d r - + fd 2 r - m% - ^ 



R(t,r) = 



where A is a separation constant. The angular wave equation has the solution [T7] 



Y™(9,<p) = P t m (cosh 9)e imv = P™^(cosh9)e 
where P™ are the associated Legendre functions and 

m = 0,±1,±2,±3,... 
A = -1(1 + 1) , 

i = -i±ie, 



imip 



(2.10) 



(2.11) 



(2.12) 



(2.13) 



The radial wave equation, after separating off the time dependence by writing R(t, r) 
R(r)e tujt , becomes 



u 2 R(r)+f 



(drf)dr 



drf 



£2,1 



R(r) = 0. 



(2.14) 



There is no general solution to this equation but we can write it in a very simple form using 
the tortoise coordinate r* defined by 



1 



dr f(r) 

The radial wave equation in terms of the tortoise coordinate r* becomes 



d 2 t +uj 2 -f(r(n))V(r(r*)) 



R(r(r,)) = 



(2.15) 



(2.16) 
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with 



V(r) = i 



' df(r) , 2 1 



+ mi, (2.17) 



which for the f(r) of the background ( 12. 2ft is 



V(r) = 2 + ^±i + ^ + W 4. (2.18) 



In conclusion, the eigenmodes of the classical wave equation in the background of (12.21) are 

$(t,r,6,<p) = R ^^ p™ 1 ,,,(coshg)e^ . (2.19) 

7" 2 ? 

Without any identifications of the pseudosphere the spectrum of the angular wave equa- 
tion is continuous, thus £ takes any real value £ > 0. Since the two dimensional manifold 
E is a quotient space of the form H 2 /T and is a compact space of constant negative cur- 
vature, the spectrum of the angular wave equation is discretized and thus £ takes discrete 
real values £ > 0. On the simplest such manifold of constant negative curvature, that 
is a compact surface of genus g = 2, the angular wavefunctions (I2.12p must satisfy four 
periodicity conditions and the compatibility of these four periodicity conditions is what 
generates the discrete spectrum [17]. In general there are no explicit analytical results in 
the literature for the angular eigenvalues A(/) and for the angular eigenfunctions, although 
some numerical results exist [T7J, so in the next sections we will elaborate only on the case 
of £ being a compact two-dimensional manifold of genus g = 2 with constant negative 
curvature. 



3 Dimensional Reduction for a Topological Black Hole 

We consider matter in the background of the topological black hole ( 12. 2ft of genus g = 2 
given by a complex scalar field (/>(x) with an action of the form 

S — Sf ree + Si n f , (3-1) 

where Sf ree is the free part of the action 

Sfree = ~\ J d 4 X ^ <f)* V* (f) , (3.2) 

and Si n t is the part of the action which includes a mass term, potential terms and interaction 
terms. We perform a partial wave decomposition of <p in terms of the eigenmodes (12.191) 

<P(t,r,e, v )= £ ?*^y?{6M, (3.3) 
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where for convenience we chose a different normalization of the eigenmodes by defining the 
functions y™ [IH] as 



2tt 



2« \- rK + | 



irrup 



(3.4) 



£tanh«) / T(^ + m + 



irrup 



with m = 0, ±1, ±2, ±3, . . . and £ taking discrete real values £ > 0. In this definition we 
have used the functions P z mn ; which form the canonical basis for the irreducible represen- 
tations of the group SL(2, C) and can be viewed as playing the same role for the group 
SU(1, 1) (see Appendix A). These functions are related to the associated Legendre functions 
through 

, m0 , r(j + i) 



P™°(coshfl) 



-pr (cosh e) . 



(3.5) 



T(l + m + 1) 

The functions y™ form a complete set of functions on the manifold E, they satisfy four 
periodicity conditions [T7j and their orthogonality condition is the equation ( 1A.15I) of the 
Appendix A, that is 

J~ de J* d<pe^dy?{e,<p)(yp\e,<p)y = %<w . (3.6) 

Furthermore, it is proved in the Appendix A that they satisfy the equation 



A^ ra (^) = -(f+^r(^) > 



(3.7) 



where Aq is the differential operator 

1 



Ac 



d e (smh.9d e ) + 



sinh 2 9 •' ' 



sinh 9 

Substituting the partial wave decomposition of </> in the free part of the action we get 



(3.c 



S 



free = —- \ dtdr d& *d<pr 2 sinh 9 < 



+00 „ 



m =—00 



+ -rAc 



+00 

E 



m=— 00 



R: 



im-ym 



(3.9) 



and with the help of the property (13. 7p 



S 



free 



— J dtdr d6 dtp smh. 9 

m,m' 



-,)d 2 R^ + ^d r (r 2 fdJ^ m 



Re 



R\i m i Rfr 



4 



(3.10) 
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Performing the integrations on 9 and ip, using the normalization condition (13. 6p . we have 



S 



free 



1 oo 

E 



1 



R, 



r r \ 4 



(3.11) 



Next, we will make a transformation to the tortoise coordinates (t, r*), defined by (12.151) 
and consider only the region near the event horizon. In the case of — ^75 < < 0, this is 
the outer horizon r + and in the case of /1 > 0, this is the horizon r^. In order to include in 
our analysis both of these cases we denote both r + and r h as r H . 

But first, we will determine the behaviour of the radial coordinate r and of the metric 
function f(r) in tortoise coordinates in the region near the horizon rjj- The Taylor's 
expansion of the metric function f(r) around the event horizon is 



f(r) 



A f {n) (r H ) 
2k{t -r H ) + J2 ■ (r ~ r H ) n 



n=2 



nl 



(3.12) 



where k = \{d r f)\ TH is the surface gravity. In the region near the event horizon we can 
keep only the first two terms of the Taylor's expansion 



f(r) ~ 2k(t — th) 



(3.13) 



Transforming to the tortoise coordinates (t, r* 
the approximation (13.131) we get 



and integrating both sides of (I2.15P using 



2k(t — th 



-dr + C, 



(3.14) 



(3.15) 

2kC . Finally, the equations ( 13.131) 



and so 

r(r*) w Ae 2Kr * +r H , 

where C is an arbitrary integration constant and A = e 
and (I3.15P give 

/(r(r,)) w 2nA(? Kr * . (3.16) 

The last two equations describe the behaviour of r and fir) in tortoise coordinates in 
the region near the event horizon. Note that the limit r — > m is equivalent to the limit 
r* —>■ — 00 in tortoise coordinates, which means that the event horizon in tortoise coordi- 
nates is located at (—00). In addition, note that near the event horizon f(r(r*)) vanishes 
exponentially fast, hence /(r(r*)) is a suppression factor near the event horizon. 

Now, we can return to the equation ( 13. lip , transform to tortoise coordinates and con- 
sider only the region near the horizon. After using the fact that /(r(r*)) is a suppression 
factor near the horizon and keeping only dominant terms, the free part of the action be- 
comes in tortoise coordinates and in the region near the horizon 



{Sfree)* ~ ^ ^ J 



dtdr*R 



d 2 t +fd r {fd r ) 



R, 



(3.17) 
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where the upper star denotes complex conjugation, the lower star denotes the tortoise 
coordinates and /, R^ m , R\ m are implicit functions of r*. Transforming back to the original 
coordinates we find 

R^m • (3.18) 

Concerning the part Si n % of the action, which includes a mass term, potential terms and 
interaction terms, after performing a partial wave decomposition in terms of the functions 
y™ and upon transforming to the tortoise coordinates, one finds that all of its terms contain 
the factor /(r(r*)) and vanish exponentially fast near the horizon. Thus, the total action 
S is obtained 

R^m ■ (3.19) 

According to this action, physics in the region near the horizon can be effectively described 
by an infinite collection of (1 + l)-dimensional free massless complex scalar fields, each 
propagating in a (1 + l)-dimensional spacetime, which is given by the (t, r) part of the 
(3+l)-dimensional metric of the topological black hole of genus g = 2, that is 

ds 2 = -f{r)dt 2 + -^rrdr 2 . (3.20) 



S 



free 



£ 4 



dtdrR 



-d 2 + d r (fd r ) 



S = ~2 1 <H<lrI ' : 



--d 2 t +d r {fd r ) 



4 Hawking Radiation from Topological Black Holes 

In the reduced (l+l)-dimensional background (I3.20p outgoing modes of the (1+1)- 
dimensional fields near the horizon behave as right moving modes, while ingoing modes 
as left moving modes. If we neglect the ingoing modes in the region near the horizon, 
because they can not classically affect physics outside the horizon, then the effective two- 
dimensional theory becomes chiral. As it is known [201 EH E21 [23], El] a two-dimensional 
chiral theory exhibits a gravitational anomaly. The consistent gravitational anomaly for 
right-handed fields reads 



967iy-0 (2 ) 

and the covariant gravitational anomaly takes the form 



V M 7? = 1 e ps d s d a T a vp , (4.1) 



e 



V„T^ = ■ d,R , (4.2) 

where Tj^ and are the consistent and covariant energy-momentum tensor respectively, 
e 01 = — e 10 = 1, R and gm are the Ricci scalar and the metric determinant of the re- 
duced metric ( 13.201) respectively. The consistent gravitational anomaly satisfies the Wess- 
Zumino consistency condition, but the consistent energy-momentum tensor does not 
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transform covariantly under general coordinate transformations. The covariant energy mo- 
mentum tensor Tjf, on the contrary, transforms covariantly under general coordinate trans- 
formations, but the covariant gravitational anomaly does not satisfy the Wess-Zumino 
consistency condition. Consistent and covariant expressions are related by local coun- 
terterms [211 [231 [21] ■ In [SI IH] the consistent expressions for the anomalies were taken, 
whereas the imposed boundary conditions involved the covariant form. A reformulation of 
this approach was given in [25], where only covariant expressions were used, rectifying this 
conceptual issue. Furthermore, a more technically simplified way to obtain the Hawking 
flux was suggested in [261 E3 EE] , where the calculation involved only the expressions for 
the anomalous covariant Ward identities and the covariant boundary conditions. We will 
follow this approach to derive the Hawking flux. 

We consider the expression for the two-dimensional covariant gravitational Ward iden- 
tity, that is the covariant anomaly (14.21) . and taking its v — t component we get 



d r f[ = ^fd r f" , (4.3) 

where we have used the facts that the background is static and that the Ricci scalar is 

R = —f"(r), while a prime denotes differentiation with respect to r. The equation (14.31) 
can be written as 

d r f[ = d r N r t , (4.4) 

or 

d r (f[ - N[) = , (4.5) 



where 

* = is; ("•-£)■ (46) 

Solving the equation (I4.4p we find 

f[(r) = a H + Nl(r)-Nl(r H ) . (4.7) 

Here an is an integration constant. Imposing the covariant boundary condition [TTJ [28] 

f[(r H ) = , (4.8) 

namely the vanishing of the covariant energy-momentum tensor at the event horizon, yields 
an = 0. Hence, the anomalous covariant energy-momentum tensor (14.71) is 

fl{r)=Nl{r)-Nl{r H ) . (4.9) 

At what follows we restore in our formulae the value of the AdS radius /, which had been 
set I = 1. So, the metric function is 

f(r) = r l-l-^t. (4.10) 
l z r 

We remind that the Hawking flux is measured at infinity, where there is no gravitational 
anomaly and in 0, [HI [TT] it was given by the anomaly free (or conserved) energy- momentum 
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tensor. This required in [U El ED] to split the space into two distinct regions, one near 
the horizon and the other away from it, and use both the anomalous Ward identity in 
the vicinity of the horizon and the normal Ward identity in the exterior region. This is 
redundant if one observes that for the metric (13.201) and the specific metric function f(r) 
of the (3+l)-dimensional topological black hole of genus g = 2, the gravitational anomaly 
vanishes at asymptotic infinity r — > oo. Indeed, we see that in this limit 

«>._^_ , (4.1!) 




96vr 96vr r 4 



and 



art = ± a ( f f - £) = JL f9 ,r = ±( 1 lt-^- 2 Ji£)^ . (4 . 12 ) 

r * 96tt r V 2 J 96tt J rJ 96vr \l 2 r 2 r 4 r 5 j V ; 

It is also important to notice that although the gravitational anomaly vanishes at infinity, 
the Nl does not, since 

Nl(r - oo) = , (4.13) 

because the spacetime asymptotically is not flat but it is AdS. The last three equations 
and observation of the equation (14.51) imply that the anomaly free (or conserved) energy- 
momentum tensor, which is the energy flux <P measured at infinity, is given by 

= f t r (r -> oo) - A> t r (r -> oo) 



l- 



1-2 



48vr lK ' \ 48tt 
= -W(r H ) . 

Thufl the energy flux measured at infinity is 



N t(r H ) ~ (4.14) 



or in a different form 



* = -Nl{r H ) = Y^/'M • ( 4 - 15 ) 



1 In the case of an asymptotically flat spacetime treated in [21)1 [2Z1 HE] it was 7V t r (r — * oo) = and the 
gravitational anomaly vanished at infinity, so that the energy flux was calculated as # — T[(r — > oo) = 
—N£(th)- The difference in the case of the (3+l)-dimensional TBH of genus g = 2 is that although the 
gravitational anomaly vanishes at infinity, the N[(r — > oo) is not zero, due to the fact that the spacetime 
is asymptotically AdS, so one must take it into consideration according to the equation (|4.5j) . in order to 
find the correct conserved energy-momentum tensor at infinity. Of course, if we put N[(r — > oo) = in 
the equations (|4.4p . (|4.5[) . (|4.I4|) and (|4.9p we retrieve the result for the asymptotically flat case. Note that 
finally for both the asymptotically AdS spacetime and the asymptotically flat spacetime the energy flux is 
given by the equation <P = —NI(th)- 
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A beam of massless blackbody radiation moving in the positive r direction at a temperature 
T has a flux of the form $ = y^T 2 . Therefore, we see that the flux (14. 16ft has a form 
equivalent to blackbody radiation with a temperature 



T, 



H 



f'{r H ) 
An 



K 

2n~ 



(4.17) 



This temperature is exactly the Hawking temperature of a (3+l)-dimensional topological 
black hole of genus g = 2 as determined in [16] . Hence, $ is the Hawking flux. 

5 Hawking Radiation from a TBH Conformally Coupled to a 
Scalar Field 



Another interesting non-spherical background is a TBH conformally coupled to a scalar 
field. Consider four-dimensional gravity with negative cosmological constant (A = — 3Z~ 2 ) 
and a scalar field 4>(x) described by the action 



d 4 Xy/—g 



R E + 6l 
l&nG 



-2 



-<T ^<R0 - V(<f>) 



(5.1) 



where Re is the Ricci scalar in the Einstein frame, I is the AdS radius and G is the Newton's 
constant. We take the following self- interaction potential 



V{<j>) 



AnGP 



sinh 



AnG 



(5.2) 



It was proved in |13] that there is a static black hole solution (MTZ black hole) with 
topology IR 2 x E, where E is a two-dimensional manifold of constant negative curvature, 
which is locally isomorphic to the hyperbolic manifold H 2 and of the form 



E = # 2 /r , rc 0(2,1) 



(5.3) 



where T is a freely acting discrete subgroup (i.e. without fixed points) of isometries. This 
black hole solution is given by 



r(r + 2Gfx) 



(r + G/i) 2 
and the scalar field is 



dr 2 + r 2 da z 



3 G// 
arctanh 



47rG r + Gfx 

Here da 2 is the line element of the two-dimensional manifold E 

da 2 = d6 2 + sinh 2 Odip 2 , 



(5.4) 



(5.5) 



(5.6) 



where 9 > and < if < 2n are the coordinates of the hyperbolic space H 2 . The mass of 
this solution is given by 

M = ^-n, (5.7) 



An 
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where a denotes the area of £ and /i > —I /AG is a constant. Performing a conformal 
transformation with a scalar field redefinition of the form 



9 is* 



1 



4ttG 



5V 



3 , IAttG 
tanh 



4ttG 



(5i 



the action ( 15. ip and ( 15.21) reads 



d 4 x\/—g 



q^dn^du^ — ^ 4 

16ttG 2 12 3/ 2 



(5.9) 



In this frame the scalar field equation is conformally invariant, since the matter action is 
invariant under arbitrary local rescalings g^ v — > X 2 {x)g fiu and ^ — > A _1 \l/. The black hole 
solution (15.41) and (15.51) acquires a simple form once expressed in the conformal frame 



ds 2 = - 



r 



r 



dt 2 + 



r 



r 



dr 2 + r 2 dcx 2 



with 



We define 



*(r) 



/(r) 



G/x 



4ttG r + G/x 



r 



i + 



G,u 



(5.10) 

(5.11) 
(5.12) 



and the metric (15. lOf) is written as 



ds 2 



-f(r)dt 2 + 



dr z + r 2 d6 2 + r z sinh 2 



/(*•: 



(5.13) 



We consider only the case in which the two-dimensional manifold £ is a compact two- 
dimensional manifold of genus g = 2, with constant negative curvature, after the identifi- 
cations that we have mentioned in section 2. For non- negative mass /x > 0, this solution 
possesses only one event horizon at 



(5.14) 



and \l/ is regular everywhere. For negative mass — Z/4 < G/x < 0, the metric (15.101) develops 
three horizons, two of which are event horizons located at r and at r + 



4G/x\ 



(5.15) 
(5.16) 
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r+ 2 



i / r agji\ 



1 + + (5.17) 



which satisfy < r < —Gfi < r_ < 1/2 < r+. The scalar field \I/ is singular at r = —Gfi. 

The Ricci scalar of the black hole solution (15.1 Op in the conformal frame is 

R = -nr 2 . (5.18) 

As before, we consider a complex scalar field 4>(x) in the background of the MTZ black 
hole of genus g = 2 with a scalar hair in the conformal frame. This field has an action 
of the form 

S = Sf ree + Si n t , (5.19) 
where Sf ree is the free part of the action 



-7^ 2 + ^(r 2 /9 r ) + ^A n 



(5.20) 



and is the part of the action which includes a mass term, potential terms and interaction 
terms, where we have ignored the interaction of <f) with We perform a partial wave 
decomposition of <fi in terms of the functions y™ 



#(f,r,M= £ ^^3^(0, . (5.21) 

m=— oo 

We substitute the partial wave decomposition in the free action and transform to the 
tortoise coordinates (t,r*) defined by (|2.15p . Then, one finds in the region near the event 
horizon r + , which for —1/4 < Gfi < is the outer event horizon and for \x > is the 
unique event horizon, that the effective radial potentials for partial wave modes of the field 
contain the suppression factor /(r(r*)) and vanish exponentially fast. The same applies to 
the mass terms and interaction terms of the part S^. Thus, physics in the region near 
the horizon can be effectively described by an infinite collection of (1 + l)-dimensional free 
massless scalar fields, each propagating in a (1 + l)-dimensional spacetime, which is given 
by the (t, r) part of the (3+l)-dimensional metric of the MTZ black hole of genus g = 2 in 
the conformal frame, that is 

ds 2 = -f(r)dt 2 + -^--dr 2 . (5.22) 
f( r ) 

In this two-dimensional background we identify outgoing modes near the horizon as 
right moving modes, while ingoing modes as left moving modes. Neglecting the classically 
irrelevant ingoing modes in the region near the horizon, the effective two-dimensional theory 
becomes chiral and a gravitational anomaly appears. The covariant gravitational anomaly 
for right-handed fields reads 

= r == d»R , (5.23) 



-14- 



where is the covariant energy- momentum tensor, e 01 = — e 10 = 1, R = —f"(r) and g^) 
are the Ricci scalar and the metric determinant of the reduced metric ( 15.22ft respectively. 
Taking the v — t component of the two-dimensional covariant anomaly ( 15.231) . we have 



This equation is written as 



or 



where 



d r fl = ^rfdrf" • (5.24) 

d r f[ = d r N r t , (5.25) 
d r (f[ - Nj) = , (5.26) 



= T^r- iff" ~ f 4- ) ■ (5-27) 



96tt V 2 
Solving the equation (15.251) we find 

f[(r) = b + + N[(r)-N[(r + ) . (5.28) 

Here b + is an integration constant. Implementing the usual covariant boundary condition 

f[(r + ) = , (5.29) 

yields b + = 0. Therefore, the anomalous covariant energy-momentum tensor is 

fl{r)=Nl{r)-Nl{r + ) . (5.30) 

We notice that for the metric (15.221) with a metric function f(r) given by the equation 
(15.12p . the gravitational anomaly vanishes at asymptotic infinity r — > oo, but the N[ does 
not due to the fact that asymptotically the spacetime is AdS. Indeed, in this limit we have 

** ^ = _£ r = _£(l^ + (5.31) 



and 



9671"^— g 96tt 9Qtt \ r 4 r 



d ^ r = _±_ f^Gji + 24(G/i) 2 12Gfx 48(G/i) 



" ' " 96tt V l 2 r 2 Pr 3 r 4 r 5 

60(G/i) 3 24(G/i) 4 



(5.32) 



but 



NUr -f oo) = . (5.33) 
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Using the same arguments as in section 4 we see that the anomaly free energy-momentum 
tensor, and thus the energy flux <& measured at infinity, is 



<p = T[(r -> oo) - iVJ(r -> oo) 
I- 2 ~ ( I' 2 



48tt 1 vt/ V 48vr 



1927T 



(5.34) 



*=^( t P I ) ■ (5-35) 



or in a different form 

# = 

12 V 4vr 

This flux is equivalent to a flux of blackbody radiation with a temperature 

r H = ££) = £ , ,5,6) 

where k = |(9 r /)| r+ is the surface gravity. The temperature T# is identical to the Hawking 
temperature of the MTZ black hole as determined in [2U| [3D] . Hence, <P is identified with 
the Hawking flux of the MTZ black hole, which is a (3+l)-dimensional topological black 
hole conformally coupled to a scalar field. 



6 Robinson- Wilczek Method with a Scalar Field Non-minimally 
Coupled to the Black Hole Background 

In the previous section we showed that the scalar field which is coupled to the black 
hole does not explicitly contribute to the Hawking radiation. The reason is that the scalar 
field does not introduce any new conserved charge and its only effect is to alter the form 
of the background black hole solution to a maximal Reissner-Nordstrom-AdS black hole. 
In the Robinson- Wilczek method this is expected since the scalar field is time-independent 
and therefore it can not generate a flux. For this reason, if we had tried to perform the 
usual reduction procedure only with the scalar field assuming that it gives Hawking 
radiation, we would have found that its action in the vicinity of the event horizon vanishes 
due to the suppression factor f(r(r*)) (see Appendix B). However, it is interesting to 
investigate what happens if the scalar field, which parametrizes the matter, backreacts on 
the geometry. In this direction we will discuss the consequences that possibly occur to the 
standard Robinson- Wilczek method if this scalar field is non-minimally coupled to gravity. 

We consider for simplicity a static spherically symmetric four-dimensional spacetime 

ds 2 = -f(r)dt 2 + -^—Ar 2 + r 2 d6 2 + r 2 sin 2 9dp 2 , (6.1) 

fin 

where f(r) is a function which admits at least one event horizon. The event horizon is 
located at r = Th where f(rn) = and the surface gravity is k = \{d r f)\ rH . We also 
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consider an interacting scalar field 4>(x), which is non-minimally coupled to the black hole 
background (16.11) . The action of this scalar field is 



SM 2 



if r 00 

- / d A x^ g^d^d u <p - x n0 n - «i?0 2 



(6.2) 



A n (p — uuxcf 2 

n=2 

where A n are a set of arbitrary coupling constants (for example A2 = m 2 gives the mass), 
R is the Ricci scalar and a is a coupling constant to gravity. In particular 

{0 for minimally coupled <fi(x) , ^ 

■jn^zu f° r conformally coupled <j>{x) , 

for a .D-dimensional spacetime. For the spacetime (16.11) it is D = 4 and a = 1/6, if <j)(x) 
is conformally coupled to the black hole background. We can write the action (16. 2p as the 
sum of three different terms, each having a different physical meaning 

S = Sf ree + Si nt + S c , (6.4) 

where the first term is 



Sfree = ^ J dPxy/^fjg 1 " '0^3^ = ~ j d^X^ 



9 <PV 2 <P , (6.5) 

and V 2 is the Laplace-Beltrami operator. The part Sf ree is the free part of the action. The 
second term is 



n=2 

and describes the interactions of the scalar field. The third term is 



1 f 



S c = -- I d 4 x^g~aR(f) 2 , (6.7) 



2 

and it is the part of the action S which describes the non-minimal coupling of the scalar 
field to the black hole background (16.11) . We will mainly focus our attention on S c . The 
Ricci scalar is 

4/'(r) 2/(r) 2 

R =~f ( r ) ~ — + ~2 » ( 6 - 8 ) 

where a prime denotes differentiation with respect to r. The partial wave decomposition 
of the scalar field in terms of the spherical harmonics is 

l,m 

and substituting to the action (16. 7p . we find, after performing the integrations on 6, if with 
the help of the normalization and orthogonality conditions of the spherical harmonics, that 

S c = ~ J dtdraR^ u hm^ hm ^ hh b m ^ m2 , (6.10) 
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Using the expression (16. 8p for R we get 



If 



S c — — I dtdra 



f"(r) + 



4/'(r) | 2/(r) 



^ M «imi^« 2 m 2 ( ' 2 ^C , {/ li /2} ^ ) (6-11) 



where ^w™^} ^ ^lk'Wn^- A transformation to tortoise coordinates (t,r*), defined by 
the equation (12.151) . transforms S c to 



$c* = - / dtdr*{ f(r(n))a 



/ (r-(r*J) H — \ 



r(r*) 

ii,Z 2 mi,m2 



r 2 (r*) r 2 (r*) 



(6.12) 



where now r, f (r) , Ui imi , Ui 2m2 are thought as implicit functions of r* and the prime still 
denotes differentiation with respect to r. In the region near the event horizon we have 
proved that 

r(n) ss Ae 2Kr * + r H , (6.13) 

and 

/(r(r*)) P3 2«:Ae 2Kr * . (6.14) 

Hence, the limit r — > r# is equivalent to r* — ► — oo in tortoise coordinates and /(r(r*)) is a 
suppression factor near the horizon. Now, we examine how each term of S c * behaves in the 
vicinity of the horizon, using the equations ( 16.131) and ( 16. 14ft . in order to find which terms 
are dominant. We easily see that in this region 



f(r(r*)) 



- /(K r *)) 



2/(r(r»)) 
r 2 (r*) 

2 



r 2 (r*) 



0, 



. 



(6.15) 



(6.16) 



The other two terms need special attention, so we write for the region near the event 
horizon 



/'(r(r*)) 



df{ r { r *)) df{ r { r *)) dn 



dr 



<9r* dr 



(6.17) 



df(r(n)) 1 



d 



dr* f(r(r*)) dr 



— [ln/(r(r*))] » 2k . 



Thus, we find for r* — > — oo 



f(r(n)) 



*f'(r(r*)) 
r((r*)) 



(6.18) 
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Similarly, we write 



/Wr.))^^ = /Wr.))| 



f(r(r*)) 



_d_ 

dr* 
_d_ 

dr* 



_d_ 

dr 
d_ 
dr* 
_d_ 

dr* 



In /(r(r*)) 
In f(r(r*)) 
ln/(r(r*)) 



<9r 



1 



(6.19) 



f( r ( r *)) 



_d_ 

dr* 



_d_ 

dr* 



Hence, we get 



In f(r(r*)) 



. 



(6.20) 



f(r(r*))f"(r(r*)) 

From the equations (16.151) . (I6.16p . (16.1 8p and (16.201) the action (16.121) in the region near the 
event horizon becomes S c * = and therefore 



S r = . 



(6.21) 



Regarding the part S int of the total action, which describes the interactions of the scalar 
field 4>(x), after performing a partial wave decomposition of 4>(x) in terms of the spherical 
harmonics and upon transforming to the tortoise coordinates, one finds [8] [9J [TT] that it 
vanishes exponentially fast near the event horizon 



S, 



hit 







(6.22) 



due to the presence of the suppression factor f{r{r*)). Concerning the free part Sf ree of 
the total action, after performing a partial wave decomposition of <fi{x) of the form of (16. 9p . 
transforming to the tortoise coordinates and keeping only dominant terms [HI EJ [H] we find 
in the region near the event horizon 



' free 



"2 2 / dtdrU lm 



-^d? + d r (fd r 



(6.23) 



Adding the equations (I6.2ip . (I6.22p and (I6.23P we get the total action for the region near 
the event horizon 



Lm 



dtdru 



l in 



f 



d 2 t +d r {fd r ) 



Ulr, 



(6.24) 



Thus, physics near the horizon can be described using an infinite set of (l+l)-dimensional 
massless scalar fields, each propagating in a (l+l)-dimensional background with a metric 



ds 2 



-f(r)dt 2 + 



-dr 2 



(6.25) 



In conclusion, the non-minimal coupling of the scalar field to the gravitational back- 
ground does not introduce any special modification to the reduction procedure, since the 
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part of the action S c , which describes this non-minimal coupling, vanishes in the region 
near the event horizon. Then, the standard Robinson- Wilczek method proceeds in exactly 
the same way as in the case of a minimally coupled scalar field. Of course, the preceding 
analysis can be generalized for D-dimensional spacetimes (D > 4), which have a metric of 
the type 

ds 2 = -f{r)dt 2 + J^ dr2 + r 2 dQ 2 D _ 2 , (6.26) 

with the difference that we must expand the scalar field in terms of the (D — 2)-dimensional 
spherical harmonics and integrate over a (D — 2)-dimensional sphere. 

We should clarify one point here. The wave equation of a scalar field minimally coupled 
or non-minimally coupled to gravity in higher than two dimensions will develop a potential 
which away from the horizon will modify the Hawking radiation. Therefore, the actual 
Hawking radiation observed at infinity is calculated through the grey-body factors. How- 
ever, in the Robinson- Wilczek method the thermal Hawking flux results from the infinite 
(l+l)-dimensional fields which act as the thermal source of this flux. 

7 Summary 

We studied the method of calculating the Hawking radiation via gravitational anomalies 
in gravitational backgrounds of constant negative curvature. At first we discussed the mode 
analysis of the scalar wave equation in the background of a topological black hole. In 
the case of (3+l)-dimensional topological black holes of genus g = 2, we performed the 
dimensional reduction procedure to two dimensions and we showed that near the horizon 
the matter scalar field is reduced to an infinite collection of (l+l)-dimensional free massless 
scalar fields. To calculate the Hawking radiation from the topological black holes of genus 
g = 2 we followed the covariant anomalies approach proposed in [26, 27, 28J, which we 
modified in order to include asymptotically non-flat spacetimes, because it is conceptually 
simpler and technical problems connected with a complicated horizon structure of the 
topological black holes of genus g = 2 can be avoided. 

We also applied this method to a (3+l)-dimensional topological black hole of genus 
g = 2 conformally coupled to a scalar field and we retrieved the correct Hawking flux and 
temperature. These solutions are interesting because they are examples of a scalar field 
backreacting on the geometry. Because the scalar field is static it can not give an extra 
contribution to the Hawking flux. However, there exist solutions of BTZ-type black holes 
coupled to time-dependent scalar fields [3]]. These solutions are not analytical so it is not 
clear how the Robinson- Wilczek method can be applied to these backgrounds. 

It is interesting to investigate if the Robinson- Wilczek method can be applied to gen- 
eral backgrounds where the scalar field responsible for the Hawking flux backreacts on the 
geometry. In this direction, we addressed the problem of using in the method of gravi- 
tational anomalies a scalar field non-minimally coupled to the gravitational background, 
instead of a minimally coupled scalar field as it is customary. We proved explicitly that the 
non-minimal coupling does not affect the dimensional reduction procedure and the method 
in general, since the part of the action which describes the non-minimal coupling vanishes 
in the region near the event horizon. Another interesting problem to address is to examine 
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the applicability of the gravitational anomaly method in fully dynamical backgrounds, but 
one has first to tackle more fundamental problems like how one can apply the technique 
of dimensional reduction to time-dependent backgrounds and how one can define uniquely 
the surface gravity for time-dependent horizons (for a recent discussion on dynamical black 
holes see [32J). 
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A Appendix: The Functions y™ 

The functions V™ n (z) [TTJ, [19] form the canonical basis for the irreducible representations 
of the group SL(2, C) and can be viewed as playing the same role for the group SU(1, 1). 
They are defined in the complex z plane with a cut located on the real axis between — 1, +1. 
A convenient representation, which can serve as a definition for the functions VJ an {z) 1 is 

1 r f 9 9\ l+n ( 9 9\ ln 

P, mn (cosh 0) = dzi cosh - - z sinh - sinh - + z cosh - z m ~ l ~ x , (A.l) 

2wi J c \ 2 2 J \ 2 2 J 

where C is the unit circle prescribed positively, m and n are integers and I can be complex 
(typically of the form I = — ~ ± i£, £ > 0). The generating function of the 'PJ nn is 



Vr n {cosh6)e~ 



■imtp 



9 , 9\ l+n ( .9 , 6 xl ~ n 



(A.2) 

ft \ L ~ n 

e~ mLp ( cosh - + e lLp sinh - ] ( cosh - r sinh 
In the case of n = 0, we have 

oo 

^ m i° ±iC (cosh^)e-^ = (cosh 6 + sinh 9 cos ^)~^ . (A.3) 



m=— oo 



They have the following properties 

Vr n {cosh9) = p-' m '- n (cosh#) , (A.4) 
Vr n {cosh9) = (-l) m ~ n V?T-i(coshe) , (A.5) 
[^"(cosh^)]* = Vl? n {cosh9) . (A.6) 

The functions Pf 10 are related to the associated Legendre functions P/ 11 through 



PHcoshtf) = ^l^ly PT (oosh 9) , (A.7) 
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and for I 



i£, this is 



^ +i€ (cosh0) 



m+i 



+ m + 



(coshfl) . 



(A.i 



The functions V™i +i ^ form a complete set of functions on the pseudosphere and satisfy the 
orthogonality relation 



d9 sinh 9V m l , . ( (cosh 9) ( V m i , (cosh 9) 



ymO 



-if 



47T : 



r etanh(7re)5(e-e') 



(A.9) 



where £, £' > 0. When £, £' take discrete real values the delta function — becomes the 
Kronecker delta <5^/. We also note that the associated Legendre functions satisfy [T7] [T§] 
the equation 



An 



P / m (cosh^)e 



Z(Z + l)Pj m (cosh0)e 



irrup 



or equivalently 



^ m i + i € ( cosh #) e 



where Aq is the differential operator 

1 



Ac 



^ + l) P -l + ^ cosh ^ e 



1 



imip 



sinh 9 



d e (smh9de) + — T -d l 



sinh 9 



We define the functions y™ as 



(A.10) 



(A.n; 



(A.12) 



mo**) 



2vr 



£ tanh(7r£) 
2tt 



^r! +i? (cosh#)e* 



£tanh«) J r(z£ + m + 
From this definition and the equation (1A.11I) we see that 



irnip 



■ ¥>)■ 



(A.13) 



(A.14) 



The functions y™ form a complete set of functions on the pseudosphere H 2 . For the two- 
dimensional manifold £ = H 2 /T, which is a compact manifold of genus g = 2, they form a 
complete set of functions, £ takes discrete real values and they must satisfy four periodicity 
conditions, since the functions P z m0 (cosh#) satisfy four periodicity conditions [17], due to 
the compactness of S. The orthogonality condition of the y™ is found from the equation 
flA~9l) to be 



do ! dipsmhoy^ie, <p) (yp'(e, </?))* = s ie 6 n 



(A.15) 
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B Appendix: Dimensional Reduction for the Scalar Hair of the 
MTZ Black Hole in the Conformal Frame 

We are going to perform the dimensional reduction procedure for the action (15 .9p . We 
consider the region near the event horizon r+, which is the only event horizon for non- 
negative masses and the outermost event horizon for negative masses. In this region, as we 
have previously seen, we have 

r(r„) « Ae 2Kr * + r+ , (B.l) 

and 

/(r(r*)) « 2nAe 2Kr * . (B.2) 

Hence, the limit r — > r + is equivalent to r* — > — oo in tortoise coordinates and /(r(r*)) is a 
suppression factor near the horizon. After transforming to tortoise coordinates the action 
( 15.91) takes the form 



- ^(r(r,))v& 2 (r(r,)) - ^* 4 (r(r*)) 



(B.3) 

where dQ-% = sinh.8d8dip. Now, we examine the behaviour of each term of this action, 
using the equations (1B.1I) and (IB. 21) . The scalar field in tortoise coordinates near the event 
horizon is 

* (r(n)) = V^ r((r^ + g M ^ vS^Tk ' (B - 4) 
and for the rest terms of the action (IB.3P in the region near the event horizon we get 



dry(n)f(r(n)) ( _^V(r(r,)) ) — , (B.5) 



K7- 2 

rfr,r 2 (r,)/(r(r,))^-^ — > . (B.6) 
Substituting i? from the equation ( 15.181) to the third term of the action (IB. 31) we get 

(frj(r(r»))r 2 $ 2 (r(r t )) — > . (B.7) 



Similarly, we find 



dry(n)f(r(n))^^l — . (B.8) 
lo7rG 



The remaining term of the action to be examined is 
1 



- - / dtdr*dnxr 2 (n)f(r(n))g^d^(r(n))d^(r(n)) , (B.9) 
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and originates from the part of the action (15. 9p which is 



d A x^-gg^d^{r)d v ^{r) = -- / d A x^-gg rr d r m(r)d r ^(r) 

Gfi 2 1 
4tt (r + G/i) 4 ' 



-\I^H^ 1 <B10) 



Therefore, in tortoise coordinates and always near the horizon, from the last equation, we 
get 

4C,r f dtdr^r 2 (n)f(r(r^) ^ . . \ - ^ — 0, (B.ll) 



8tt J * - v */•> v v + G/J,) 4 

that is 

- i J ^r,^ E r 2 (r,)/(r(r,))^9^(r(r,))9^(r(r,)) — > . (B.12) 
Adding the expressions flB~5D . GEM . dB~7j) . (jBT8]l and (lB~T2|) we find that the action (IB~3l 



in tortoise coordinates and in the region near the event horizon vanishes. Thus, in the 
vicinity of the event horizon the action of the conformally coupled scalar field of the MTZ 
black hole is 

I\g liV ,*] = 0. (B.13) 
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